Apparently complex flow structures obey to scaling relations that enable to make it viable the study of their configuration and flow dynamics. This is the case of flow structures that exhibit several branching levels and are thought to perform optimally.
Introduction
Murray's Law [1e3] which states that the "cube of the radius of a parent vessel equals the sum of the cubes of the radii of the daughters" stays as a landmark scaling law of geometries of branching channels with non-turbulent flows (see Fig. 1 ). It was originally proposed by Cecil D. for the circulatory and respiratory systems, yet later on has been proved to hold for every branching laminar flow [3, 4] .
Murray stated in his original work [2] that physiologic organization should be based on principle and pointed out minimum work and balanced cooperation of the organs in the body as the best candidate for such a principle. Sherman [3] provided a full derivation of Murray's law based on that principle. Allometric scaling laws are common in biology and, with the purpose of their explanation, approaches have been developed based on optimal performance of the whole system, either trough minimization of energy dissipation [5] or through flow configuration that enables maximum flow access [6] . West and co-workers [5] presented a general model of allometric scaling relations (WBE model) in that the ratio between the diameters of consecutive arteries, D kþ1 /D k , is n À1/2 for arteries, and n À1/3 for small vessels (n stands for branching ratio), regardless of the length of the vessels. Murray's Law has also been considered in the context of engineered systems. About a decade ago, Bejan and coworkers [4] proved that Murray's law may be deduced from a general principle e the Constructal Law (1997) e which states: "For a finite-size system to persist in time (to live), it must evolve in such a way that it provides easier access to the imposed currents that flow through it." (see for instance Ref. [7] ). Said another way, Constructal Law entails evolution of flow architecture in such a way that under the existing constraints the distribution of flow resistances evolves in time to achieve minimum global flow resistance.
Under the conjecture that Nature has optimized in time the living structures, Reis and coworkers [8] applied both Murray's Law and Constructal Law to successfully anticipate some architectural features of the lung tree. More complete information about the successful application of the Constructal Law may be found in Bejan [6] , Reis [9] , and Bejan and Lorente [10] .
However, we note that with respect to optimal performance Mauroy et al. [11] have put forward the idea that "the optimal system is dangerously sensitive to fluctuations or physiological variability, such that physical optimality cannot be the only criterion for design".
With respect to optimal scaling in asymmetric branching, Bejan [7] has shown that
where
is the asymmetry factor of daughter vessels, and the subscripts 0, 1, 2 represent the parent and each one of the daughter vessels, respectively. The Eq.
(1) which relates homothety coefficient with asymmetry factor further adds to the study of scaling in asymmetric flows, which are shown to be important for achieving optimal performance of flow trees [12] . In the following we will further extend this analysis to find out the scaling relations of branching pulsatile flows.
Pulsatile flows
Flows that develop in circulatory trees are ubiquitous in Nature. In some animals, namely the vertebrates, blood is rhythmically pumped through the entire body at a broad range of pulse rates. It is recognized that pulsatile flow performs best than continuous flow because it induces lower overall resistances [13] and also better blood perfusion [14] .
The most complete model of pulsatile flows, was put forward by Womersley [15] who solved NaviereStokes equation in channel with elastic walls and periodic pressure forcing, and provided formulas for the pressure wave, and the radial and longitudinal components of the velocity field in the arteries. This work that stays as a landmark in the field was used as one of the basis of the WBE model [5] .
Since then, other works have appeared that modeled pulsating flows in rigid channels [16] . Noteworthy are those of Nield and Kuznetzov [17] , Siegel and Perlmutter [18] and Faghri et al. [19] , albeit these studies were also carried out under the "rigid channel" assumption. Models using analogy with electric circuits date back to about several years ago. Remarkable by its complexity are those of Tsitlik et al. [20] , Avolio [21] , or recently that of Mirzaee et al. [22] .
With the purpose of optimizing branching structures with pulsatile flows, in what follows we will further explore the parallel RC model. Though Womersley's equations describe pulsatile flows accurately, they are quite complex, and not easy to handle analytically in the study of branching vessels. This is why we use an RC model as a suitable description of pulsatile flow. In this model the flow induced by the pressure wave "charges the capacitor" (the arterial elastic walls) while it is braked by a "Poiseuille resistance" in the flow direction. The rationale for using Poiseuille flow, rather than considering a more complex model based on the NaviereStokes equation is explained in the following.
Let us start from NaviereStokes equation for unidirectional flow: vu/vt þ u.grad u ¼ Àr À1 grad P þ n lap u. In the case of pulsatile flow in arteries, the inertial terms may be discarded because they are, at least, of one order of magnitude smaller than the other terms, as it is shown through scale analysis. In this way, let u denote average blood velocity, t characteristic time related to pulse wave frequency, L c the characteristic length in the flow direction, D vessel diameter, r blood density, DP pressure variation along the vessel and n blood kinematic viscosity. lap u~1, therefore justifying the use of Poiseuille flow as a first approach in the study of the human arterial system. Models that include the term vu/vt lead to greater complexity in the calculations but did not cause a change in the conclusions. For example, the RLC model developed by Jager and co-workers [23] accounts for the "sleeve effect", which arises from the interaction between viscous and inertial terms in the NaviereStokes equation. However, in the same study [23] it was shown that the "sleeve effect" is important in some arteries at frequencies higher than 15 rad s
À1
, which is somehow beyond the normal range of the human pulse frequency.
In real systems, pressure waves of some frequency travel all along the circulatory trees. Energy travels in the form of enthalpy plus mechanical energy of the bulk fluid, and in the form of elastic energy of the vessel walls.
As the basis for building up a model of a pulsatile flow driven by a pressure difference DP in a vessel of length L and diameter D, one starts from the HagenePoiseuille equation in the form:
, in which m is dynamic viscosity of the fluid. In pulsatile flow, both DP and D are functions of time, and therefore the same happens with the conductance
. In what follows the variables D,L,V standing for geometric features of vessels with pulsatile flow represent values averaged over a cycle. In this way, as a first approximation we will consider the actual conductance in the channel as the sum of the average conductance (corresponding to diameter D) plus the deviation corresponding to diameter variation with pressure, i.e.
where b ¼ (2/D)(dD/dP) is the distensiblity coefficient and Dt is the time elapsed after the channel diameter has reached the average value. The Eq. (3) shows that the conductance is the sum of two terms: the first one corresponds to the inverse of the usual resistance while the second one is equivalent to the inverse of a capacitive resistance. This aspect is made clearer if we consider I(t) ¼ K p (t)DP(t) together with Eq. (3) to obtain:
Eq. (4) shows that the flow in a channel with elastic walls is composed of two terms: one corresponds to a resistive current,
while the other matches up a capacitive current,
with capacitance C ¼ 2I r (Dt)b, (see Fig. 2 ). As the global conductance is the sum of the respective conductances, one concludes that an equivalent parallel RC circuit is the model suitable for describing pulsatile flow (see Fig. 3 ).
Minimization of impedance in branching pulsatile flows
As pressure increases in the channel, the elastic walls are strained to accommodate more fluid. The capacitance C, which has the same meaning as compliance in vessel physiology, is defined as
with k B ¼ pb=4:
The Eq. (7) provides the opportunity for conferring some significance to Dt in Eq. (6) . Then, by putting together C ¼ 2I r (Dt)b and
Therefore, Dt would stand for the time required for the averaged current I r to fill half of the channel volume. However, we note that Eq. (3) was put forward simply with the purpose of justifying the existence a capacitive flow, together with a resistive flow in the case of a deformable channel, and will not be used in what follows. Additionally, the resistance is given by (see Eq. (5)):
Let us consider a channel with elastic walls with a pressure wave of frequency u. By analogy with the electric circuit model (Fig. 3) , the total impedance Z of such channel reads:
which with Eqs. (7) and (8) and
where b u represents the characteristic frequency of the channel.
Minimization of global impedance under constant volume
Now, let us consider a channel that branches in two different channels, as represented in Fig. 1 . For the vast majority of flow systems in the conditions described above (Eqs. (7) and (8)) we have (see Appendix).
By taking into account Eq. (10), the Eq. (11) reads.
The volume of a cylindrical vessel is
With V ¼ 4V=p, the total volumeṼ T occupied by the flow system is.
In Eqs. (12) and (13) x and y are free variables that describe the branching structure. The condition of easiest flow access is achieved with the minimization of the global flow impedance under constant global volume of the channels,Ṽ T ,
where l is a constant.
We chose the aspect ratios {x 0 , x 1 , x 2 } as design variables subject to optimization for the reason that x ¼ L/D defines channel geometry better than either D or L alone. By minimizing the global impedance jZj T (Eq. (12)) under constant volume with respect to each of design variables {x 0 , x 1 , x 2 } one obtains, respectively:
. Therefore, with the definition of A i , and Eqs. (16) and (17) one obtains:
A solution to Eq. (18) is.
This first result, indicates that for minimal resistance to flow the characteristic frequencies b (10)) of the two daughter channels must be equal.
By using
i together with Eqs. (16), (17) and (19) one obtains:
and x ¼ L 2 /L 1 stands for branching asymmetry. Taking together the Eqs. (20) and (21) one has,
For non-pulsatile flow (A i ¼ 1; q ¼ 1) the Eq. (23) reduces to the known form of Murray's Law:
Additionally, from the Eqs. (20) and (21) we obtain the following relationship:
or, in view of Eq. (19):
The Eq. (26) show that in optimal flow branching the daughter channels share the same aspect ratio x and distensibility coefficient b. 
Now we are able to assess the effect of pulsation on the impedance of the bifurcation represented in Fig. 1 . By noting that non-pulsatile flow corresponds to A 1 ¼ A 0 ¼ 1 and q ¼ 1, therefore jZj T reduces to the usual resistance R, we can represent the ratio jZj T =R as a function of frequency as shown in Fig. 4 In the case when the daughter channel is less distensible(c > 1) pulse frequency significantly reduces flow impedance, an effect that for the same x ¼ L/D increases with the inverse of the distensibility ratio Fig. 4 ). On the contrary, in the case when the daughter channel is more distensible pulse frequency increases impedance as the pulse frequency falls in the vicinity of the characteristic parent channel frequency b u 0 .
Minimization of global impedance under constant volume and pressure head
Reis [9] has shown that minimal global flow resistance in a branching tree under constant total pressure head DP, is achieved with a tree configuration in which total flow resistances allocated to flow are the same at each branching level. This means that in the best performing (optimal) flow system design both the overall resistance and pressure drop distribute in such a way that their respective values do not change from a branching level to the next one. This result enables generalize the scaling laws of channel length for pulsatile flow. The Eq. (27) shows that the minimal impedance of the branching channel is the sum of 2 terms: the first one corresponds to the father channel while the second one stands for the global impedance of the branching channels. Because they must have the same value one obtains:
where we used A i as defined above. Similarly, one obtains:
To conclude, in case that both volume and pressure head are kept constant, the global impedance of an optimal tree with NÀ1 branching levels with pulsatile flow of frequency u reads,
is the characteristic frequency of the parent channel.
Scaling of unstrained channel diameters with different distensibilities
We recall that D in Eqs. (20) 
As a consequence the unstrained diameters ratios of parent to daughter channels will be affected as function of channel distensibilities and the pressure excursion during the pulse (see Eq. (32)). 
(see Eqs. (7)e (10) The human arterial system is an example of a tree with pulsatile flow in which the average pressure head varies in time. Therefore, optimal scaling of such a tree is described by the Eqs. (19)e(28) and (32).
A key aspect of scaling that match minimal impedance in branching channels with pulsatile flow, and with variable pressure head, is that scaling depends upon pulse frequency. For nonpulsatile flow (u ¼ 0, A i ¼ 1) in channels with asymmetric branching the Eqs. (20) and (21) reduce to the already known scaling for continuous flow (Eq. (1)).
The Eqs. (20)e (23) and (29) diameter to the shorter branch. On the other hand, the global impedance of the pulsatile flow tree depends upon the pulse frequency u. This is a new and very important result that will be explored in a subsequent study of the human circulatory system viewed as a flow tree with pulsatile flow. 
Comparison of the results of the models of Murray, WBE and this model
In order to compare the predictions of the model above developed with those of other models that present scaling relations for diameters in dichotomous branching, we start from the general scaling relation:
where as a rule ε ¼ 1 appears in the scaling relations of dichotomous branching, a is the scaling exponent, and a is an additional parameter. To the parameters in Eq. (33) Murray's law assigns the fixed values: a ¼ 1, ε ¼ 1 and a ¼ 1/3, while in the WBE model [5] a ¼ 1, ε ¼ 1, and a ¼ 1/2 for the branching levels up to a nonspecified level k, while a ¼ 1/3 "for large k, corresponding to small vessels" [5] . In the present model, a ¼ q
(depending on the degree of asymmetry of daughter vessels), and a ¼ 1/3 (see Eqs. (20) and (21)). For the sake of comparison we further define the variable
Therefore, Murray's law is represented by
To calculate J we used the extensive dataset of diameters, lengths and distensibilities of arteries provided in Ref. [24] . We kept the identification number of the each arterial segments used in Fig. 2 and Table 2 of Ref. [24] . The ratio of lengths x ¼ L 2 /L 1 respects to arterial segments that converge at a bifurcation. On the values given in Ref. [24] we have no absolute guarantee that some of these segments do not have small (or very small) intermediate branches.
This can occur especially in very long segments in which it is likely to find small branches not represented in Fig. 2 and Table 2 of Ref. [24] . A sign of this is that the proximal and distal diameters of these segments differ a lot. For this reason, the data for lengths of arterial segments are used with some caution. We chose arterial segments that correspond to dichotomous branching in which parent and daughter vessels are clearly defined. In total 22 arteries were included in the calculation of J. Based on the present model, a recently published study of the arterial structure [25] also showed that, in general arterial lengths are not optimized with respect to hemodynamic performance, and then an explanation was offered for the elongation of the ascending aorta in healthy people during lifetime. The same study also showed that impedance of the ascending aorta, descending aorta and carotid artery decreases during body growth, therefore suggesting a trend for improvement of hemodynamic performance during that period of life.
Conclusions
In this study, based on the minimization of global impedance, the scaling relations of lengths and diameters of the parent and daughter channels in a branching channel are generalized to the case of pulsatile flow.
It is shown that in case of constant tree volume, scaling depends both on pulse frequency and branching asymmetry. Another important parameter that influences optimal scaling is the Table 1 Diameter scaling between parent and daughter human arterial segments, as observed, and predicted through J by the scaling relations defined by Murray' coefficient of distensibility of the channel walls, which is a parameter widely used in the characterization of the arteries in the circulatory tree. In the limit of zero pulse frequency these scaling relations match Murray's law of diameters and also the scaling relations of lengths of branching channels with minimal global flow resistance under the existing constraints.
We also show that if the additional constraint of constant global pressure head is imposed to the flow in parent and daughter channels, the optimal ratio of daughter to parent channels lengths follows a law similar to that of channel diameters.
In case that the daughter channel has lower relative distensibility global impedance decreases with pulse frequency. Conversely, if the daughter channel is more distensible pulse frequency increases impedance as the pulse frequency falls in the vicinity of the characteristic frequency of the parent channel.
The effect of the relative distensibility of parent and daughter channels is shown to be important somehow. In this way, the channel with lower relative distensibility must have their diameter increased to perform optimally, i.e. to achieve minimal impedance.
For the case of the human arterial trees, the predictions of the present model were compared with those of Murray's law, and the WBE model, and especially in the cases of asymmetric branching provided a better approximation to the observed values.
